A current method by which star trackers identify stars is to match the angles between stars within its field of view to angles stored in a catalog. If an angle can be matched to one pair of stars, the attitude of the star tracker can be determined. However, the measurement of the angle will include error, and so the true angle can only be known to lie within a certain measured range. The result is, after comparing the measured angle to the catalog of angles, more than one pair of stars can be the correct solution. A method for narrowing down to one solution involves employing many angles within the field of view in a certain order, called "pivoting," which can be time consuming and does not always yield a solution. The method presented here matches spherical triangles made from sets of three stars within the field of view to spherical triangles stored within a catalog. By using both the area and polar moment properties of the spherical triangle, the range of possible solutions is very quickly narrowed, fewer pivots to other spherical triangles are required, and the method is more likely to yield the correct solution than the angle method.
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I. INTRODUCTION

A. STAR ID METHODS
A very important device on any spacecraft is the one which determines the spacecraft's attitude. There are many different methods by which attitude can be determined, but one of the mostly widely used is the star tracker. Other methods for determining attitude exist, including sun sensors and magnetometers, but cannot report attitude with the precision a star tracker can. At best, a sun sensor-magnetometer system can only report attitude within 0.1 deg, while star trackers are capable of arc-second accuracy. Often, on high-budget missions, these other sensors will complement or back-up a star tracker. On missions with tight attitude knowledge requirements, the star tracker is often trusted to determine attitude completely on its own. Before an attitude can be determined, the stars within a tracker's field of view (FOV) must be identified. If it can identify at least two stars, the attitude of the star tracker can be determined, which then can be transformed to the attitude of the spacecraft to which it is attached. The spacecraft can use this information to check its heading, make course changes or even recover from a "lost-in-space" condition.
The technology behind star trackers has changed much over the years. Evolving from gimballed to directhead, the latest star trackers now use charge-coupled devices (CCD) for imaging, which offer high accuracy. Still, they are not perfect devices since measurement errors will always exist. Even the small amount of error that exists in the image measurement of the stars within the star tracker's FOV makes identifying the stars a very challenging problem. As a result, there are many different methods for identifying the stars within the FOV. One well known method involves measuring the angular separation between stars in the star tracker FOV, which attempts to match them to angles within a catalog of angles between stars.
2 This is called the "angle method" and has been the basis for many star recognition algorithms. It does not rely on other sensors for assistance, and can be used in a lost-in-space condition. Magnitude can also be used to help identify stars, but this is not simple when CCD's are used. For instance the CCD's sensitivity to different spectra of light must be understood and accounted for. 3 Other methods attempt to use "a priori" information to help the star tracker to determine the stars within its FOV.
2, 4-9 Methods based on knowing the attitude of the spacecraft at an earlier point in time would not be suitable for lost-in-space conditions. Even neural networks are being tested for their potential to recognize stars within the star tracker's FOV. 10 It can be seen that the "perfect" star pattern recognition algorithm does not yet exist and the field is wide open for new methods.
The method presented here is called the "spherical triangle method." It uses spherical triangles from the stars in the FOV and compares them to a catalog of spherical triangles to find a match. It too has its roots in the angle method, which will be used as a basis for comparisons purposes to the spherical triangle method. To make the testing of both methods realistic, a "typical" star tracker has been chosen as a model. The Ball CT-601 star tracker has an 8 × 8 degree FOV and can see down to magnitude 6.0 stars. 4, 11 The testing model created here assumes an 8 degree circular FOV for simplicity, but the star pattern recognition algorithms tested can be applied to square fields of view.
B. DESIGN THEORY
The importance of star trackers on spacecraft is difficult to overestimate. Errors in attitude knowledge can result in damage to or the complete loss of a spacecraft. An ideal star tracker would be able to report attitude instantly without chance of error in lost-in-space conditions and without aid from other sensors. In addition, it would require little in the way of computer resources such as storage and CPU speed. These are certainly conflicting constraints, and decisions have to be made when designing the star tracker as to what is most important.
For the methods presented here, rate of success and speed are given the highest priorities in the design of the algorithms. A star tracker's ability to report attitude quickly is desirable in situations where the spacecraft is tumbling; if the result lags too far behind the actual attitude of the spacecraft, the spacecraft may become very difficult to control. The idea behind the spherical triangle method is that by using more than one property to recognize a pattern of stars, it is more likely to reach the correct solution and do it using fewer stars. By comparison, the angle method can only use one property, the angle itself, for pattern matching and as a result will not approach a solution as quickly. Time measurements comparing both methods will be made to show this.
The penalty for success and speed is storage. It will be seen that the database used with the spherical triangle method is quite large when compared to that required for the angle method. It is only large by spacecraft standards, however; the database would easily fit onto a keychain-sized flash drive. The computer hardware used in spacecraft is designed to withstand the harsh environment of space, and as a result lag years behind the current state of the art in processor speed and storage. The technology continues to evolve, however, and tasks that are too demanding of spacecraft hardware today will likely be practical in the not too distant future.
II. ANGLE METHOD
There are many methods by which a star tracker can determine what stars are within its FOV, many of which are proprietary. A well-known method involves matching the angle of separation between pairs of stars within the FOV to a catalog containing all of the angles between stars in the celestial sphere which can fit within the star tracker's FOV.
2 For instance, a circular 8 deg FOV star tracker would require a catalog of all the angles between stars in the celestial sphere 8 deg or less. If the measured angle can be matched to a single angle in the catalog, the stars that make up the angle would be known and so then would the attitude of the spacecraft.
To create the catalog of angles, a data structure called a spherical quad-tree is used. 12 A quad-tree structure is typically used to store objects located in 2-D space in such a way that objects can be found within a certain area without examining each and every object. The spherical quad-tree used here to catalog the angles enables cataloging angles in such a way that only each star's neighbors within a certain distance have to be examined to see if the angle between them is small enough to fit within the star tracker FOV. It greatly reduces the total number of pairs that needs to be examined and greatly reduces the time required to create the catalog. For the star tracker modeled here, the catalog created contains 106,308 angles and Once the angles are cataloged, they are sorted by angle. To make finding all the angles that lie within a given range fast, a technique called the "k-vector" approach is used.
13 If the angle of each pair of stars is plotted against its location in the catalog, a line can be drawn connecting the first and last pair of stars. The equation of this line can be used in association with the generated k-vector to locate where in the catalog a particular pair of stars with a given angle is located. This greatly reduces the computational burden since the star pattern search algorithm requires a search of the pairs of stars only within a measurement uncertainty region, not a search of the entire catalog.
A. ANGLE BETWEEN TWO STARS
The angle between the vectors pointing to the stars is given by
where r 1 and r 2 are unit vectors pointing to each star, as shown in Figure 1 . The vectors r 1 and r 1 are given in inertial space, however, only body measurements are known. Fortunately, the angle θ is the same whether inertial vectors or body vectors are used. The problem is that the angle measured between the stars within the FOV of the star tracker will contain a certain amount of measurement error, which cannot be ignored. If the measurement follows a Gaussian distribution, its standard deviation can be determined and used to establish a range within which the true measurement is likely to lie. For instance, if the range is chosen to be the measurement angle ±3 times the standard deviation of the measurement noise, 3σ, then the true measurement is expected to be within this range 99.7% of the time.
B. STANDARD DEVIATION OF ANGLE
The measurement error made by a typical modern-day star tracker follows a nearly zero-mean Gaussian white-noise process (for our simulations a standard deviation of 0.87 microradians of arc is used). 14 What will be needed for the angle method is the standard deviation of the angle between two stars when each star measurement possesses the error described. The standard deviation of the attitude-independent measurement, involving the dot product of two star vectors, can be used to provide a bound on the expected errors. We begin with the standard coordinate transformation equation:
where r i is the direction of the star in Earth-Centered Inertial (ECI) coordinate system, A is the direction cosine matrix, which is orthogonal and proper, and b i is the direction of the star in the star tracker body coordinate system. When measurement errors exist, Shuster 15 has shown that nearly all of the probability of the errors is concentrated on a very small area about the direction of Ar i , so that the sphere containing that point can be approximated by a tangent plane, characterized bỹ
whereb i denotes the ith measurement and the sensor error v i is approximately Gaussian, which satisfies
where σ 2 i is the variance where E denotes expectation. Taking the dot product of two body observations gives
Equation (5) shows that the dot product is an attitude-invariant measurement. We now consider two body measurements with noise:b
where v i and v j are assumed uncorrelated. Define the following effective measurement:
Since v i and v j are uncorrelated, then
Define the following variable:
Then taking E{p 2 } yields
where
The last term is typically higher-order, which can be ignored. Also, if Ar i and Ar j are replaced byb i andb j respectively, then the variance is given by
Typically, errors introduced by this substitution are second-order in nature, 15 so the variance is completely independent of the attitude matrix A.
If R i = σ 2 i I and R j = σ 2 j I, which is valid for most star trackers, then The standard deviation of the angle measurement is then
Equation (14) is akin to the standard "root-two" increase in noise when adding two noisy signals, even though our case involves a dot product of two vectors. The chosen βσ p bound (for some scalar β) has a large effect on the results of both the angle and spherical triangle methods. If the correct solution lies outside the bounds of the measurement error, neither method will find the solution, or worse arrive at an incorrect solution. If the βσ p bound is set high, it is less likely an incorrect solution will be reached, since it is more likely the correct solution lies with the βσ bound. However, if the βσ p bound is set too high, too many possible solutions will exist for each angle and spherical triangle in the FOV and a single solution may not be reached. Both methods are demonstrated using a 3σ p bound, meaning the probability that the correct angle will be within the range of the measured angle will be 99.7%.
C. ANGLE PIVOT
If there exists more than one possible solution to a measured angle, one method by which the correct solution can be determined is based on "pivoting." After all the possible solutions to the first angle are determined, a second angle within the FOV is selected such that it shares one star in common with the first angle. Once all the potential solutions to the second angle are found, the stars that make up both angles are examined. Since the solution to both angles must have a star in common, any angles on either list that do not have a star in common with at least one angle on the other list are rejected. If the number of possible solutions for each measured angle isn't reduced to one after the elimation, another pivot is made; a third angle is chosen such that it has at least one star in common with the second angle, and the possible solutions for the second and third angles that do not share a common star are rejected.
The pivoting process continues until a single solution is reached or the star tracker runs out of angles to which it can pivot. If it runs out of angles before obtaining a single solution, then the result is inconclusive. An example of the pivoting process is shown in Figure 2 . The large circle represents the star tracker's FOV. The stars true locations are shown as small circles, while the measured positions are crosses. The two stars that offer the largest angle, which typically offer the fewest possible number of solutions, form the first angle examined. The two pivots that follow are indicated as well.
Ideally, the angles in the FOV should be ordered so that the angle with the fewest number of solutions is examined first. The second angle chosen should be the angle with the next-fewest number of combinations that shares one star in common with the first angle and so on. This method reduces the number of combinations that need to be examined and makes it more likely to reach a solution quickly. The effect of Figure 3 . Despite the number of solutions per angle increasing, typically, the number of solutions after comparing stars between each will drop eventually to one. In the figure, it shows that 3 pivots are required to reach a single solution. How many pivots can be made is a function of the number of stars within the FOV of the star tracker and the magnitude of stars to which it is sensitive. For a star tracker with an 8 deg FOV, sensitive down to magnitude 6.0 stars, a distribution of the number of stars that it will see for a large number of random attitudes can be plotted, which is shown in Figure 4 . The largest number of occurrences involves 6 to 10 stars. 
III. SPHERICAL TRIANGLE METHOD
Instead of measuring the angle between pairs of stars, the spherical triangle method creates spherical triangles of combinations of three stars, as shown in Figure 5 . The idea is that more information can be obtained from a spherical triangle than an angle, which will enable a star tracker to determine the identity of stars more quickly and use fewer stars overall than the angle method. In the algorithm presented here, the area and polar moment of spherical triangles are used to determine what spherical triangle is being examined by the star tracker. One drawback of the spherical triangle method is that it will be impossible to identify stars with less than three stars in the FOV, while the angle method needs only two stars. However, after including the measurement error present in the star tracker, under typical conditions with pivoting, more than two stars are required to arrive at a solution using the angle method. What will be shown is that the spherical triangle method will require fewer pivots than the angle method and will more likely yield a single solution using fewer stars overall.
While the angle catalog can be created using more straightforward methods than the spherical quad-tree, to create the spherical triangle catalog without it would have been difficult. Having to examine stars in combinations of three instead of two greatly increases the total number of tests to execute. The catalog suiting the star tracker modeled here contains 662,779 spherical triangles. For each of these triangles, the area and polar moment must be calculated making the catalog 167 MB in size, more than ten times larger than the equivalent angle catalog.
Like the angle method, the spherical triangles must be sorted by area and polar moment so that the k-vector approach can be used to locate spherical triangles quickly by their area or polar moment. So that two separate catalogs aren't necessary, two linked-list data structures are sorted instead of the spherical triangles themselves. In addition, plotting each spherical triangle's area against its position in the sorted list is not linear. To make the k-vector approach as fast as possible, a parabola is fit between the first and last points (more details can be found in Ref. 12).
A. SPHERICAL TRIANGLE AREA
Given three unit vectors pointing toward three stars, the area of a spherical triangle can be found using the following equation:
The equation is given for the star tracker frame, but can also be used in the ECI frame. To obtain a bound for the measurement error (replacing b 1 , b 2 and b 3 with measured quantities), the standard deviation of the calculated area must be calculated.
B. STANDARD DEVIATION OF AREA
The determination of the standard deviation of the area error for a spherical triangle made up of vectors containing measured quantities can be done using a linearization approach. 17 We start with a basic measurement equation:ỹ = f (v) (17) whereỹ is the measurement and v is a zero-mean noise process with covariance R. Expanding Eq. (17) using a first-order Taylor Series about the mean of v, which is zero, gives
where y is the truth. Defining
≡ H, then the covariance ofỹ is given by
This approach is valid if the first-order Taylor series shown in Eq. (18) adequately models the process, which is valid for the star tracker measurement process since the signal-to-noise ratio is large. Applying this approach to the spherical triangle area equation, which is a function of a, b and c (the angles between the vectors toward the stars), is fairly complicated. However, a simple and mathematically equivalent approach can be used by noting that since the Taylor series expansion is about v = 0, then the matrix H can be formed by taking partials with respect to a, b and c directly. Hence, H is given by
and
Solving for the variance of the area (denoted by σ 2 A ) gives
Note that the matrix H is evaluated at the respective true values; however, replacing the true values with the measured ones leads to second-order errors that are negligible. Since the standard deviation, σ A , is derived analytically, the bounds over which the true area is likely to exist can be determined precisely, no matter the shape or size of the spherical triangle.
C. SPHERICAL TRIANGLE POLAR MOMENT
The polar moment makes a good counterpart to area, since it is possible for two spherical triangles that have the same area to have very different second moments. In addition, two spherical triangles that have the same polar moments may have very different areas. When it comes time to match spherical triangles seen within the FOV of the star tracker to spherical triangles in the catalog, use of these two approaches will rapidly reduce the number of possible solutions. The polar moment of the triangle about its centroid is calculated by breaking the triangle into smaller triangles. The area of each of the smaller triangles, dA, is multiplied by the square of the arc distance from the centroid of each smaller triangle to the centroid of the overall triangle. The result of each smaller triangle is then summed:
Note that the polar moment can also be calculated using attitude independent measurements. A recursive algorithm is used to determine the area, breaking each spherical triangle into four smaller triangles until a target depth of recursion is met, which is shown using a sample spherical triangle in Figure 6 . Since the accuracy of the method depends on how many triangles the original triangle is broken into, it is important to determine how many levels of recursion are required to achieve a good approximation of the actual solution.
An algorithm has been written to randomly select spherical triangles from the catalog and determine the polar moment using different levels of recursion. The results are shown in Figure 7 . It can be seen that three levels of recursion, where each triangle is broken into 4 3 or 64 pieces, are relatively close to the values at which each converged. Therefore, only three levels of recursion are used throughout the routines.
D. POLAR MOMENT STANDARD DEVIATION
Unlike the area case, the standard deviation of the second moment calculation is difficult to compute analytically. We choose to find a bound through simulation. A thousand random triangles from the catalog are chosen and one hundred measurements of the second moment for each triangle are made, including random measurement error. Figure 8 shows how the standard deviation of the measurements varies as a function of the polar moment of the triangle. What can be seen is triangles with similar polar moments may have a different standard deviation when the same amount of random error is included in the measurements. To put a bound on the measurement error, a line is drawn slightly above the maximum standard deviations on the chart. Clearly, this is a very conservative approach. Hence, it is safe to say that the standard deviation of any second moment measurement will lie under this line, and will ensure, for instance a 3σ bound, the probability that the true measurement will be within the bounds at least 99.7% of the time.
E. SPHERICAL TRIANGLE PIVOT
The method for matching spherical triangles is similar to the method for matching angles. A spherical triangle is made from three stars in the FOV and its area and polar moment are calculated. A range over which the true area and polar moment exist are calculated using the standard deviations for each. Going through the catalog, triangles that have an area and polar moment that fit within the bounds calculated for the triangle in the FOV are tabulated. Ideally, only one possible solution remains, but this typically does not happen. When more than one solution exists, a pivot similar to the angle method is made. Another spherical triangle is made from the stars in the FOV such that there are two stars in common with the first triangle, as shown in Figure 9 . A list of possible solutions is made and then the solutions between the first spherical triangle and second spherical triangle are compared. Any solution in each list that does not have two stars in common with at least one solution in the other lists is discarded. After the comparison is made, if more than one solution exists, another pivot is made. Pivoting continues until either a single solution is found or there are no more spherical triangles with which to pivot. Pivoting such that only one star is shared between the first and second spherical triangles can be done, but would be less effective. The number of spherical triangles that are likely to share one star is greater than two, so the solution would require a greater number of pivots.
Testing each possible solution to the first spherical triangle against each possible solution in the pivot triangle can be time consuming, since there can be hundreds of solutions per triangle in the FOV. To reduce the number of combinations to test, three binary search trees are created. 12 The first tree contains star number 1 of each of the first triangle's possible solutions. The second tree contains star number 2, and tree number three contains star number 3. One of the pivot triangle's stars are checked to see if it exists in any of the three binary trees, and if it does, it tests the other two stars to see if it matches any of the stars of the triangle it matched in the binary tree. If not, a second star is tested against the binary trees, similar to the first. If still nothing matches, that triangle can be excluded as a solution. This approach greatly reduces the number of overall combinations that need to be tested, which greatly improves the speed of the algorithm.
IV. COMPARISON OF METHODS
To test the angle and spherical triangle methods, a random star tracker attitude is generated 1,000 times. Each method is tested to see if it can positively identify at least one angle or spherical triangle in the FOV. The star pattern recognition algorithm does not attempt to determine final attitude; it only identifies the stars that make up the angles or triangles. If all of the stars determined in the star tracker's FOV by the star pattern recognition algorithm actually are in the FOV, it is considered a correct result. If any of the stars outputted by the algorithm are not in the FOV, the result is considered a failure. If the algorithm cannot positively identify any of the stars in the FOV, it is recorded as an inconclusive result. Under ideal conditions, a star tracker will only see stars within its boresight. However, it is entirely possible a piece of space debris enters a tracker's FOV, which may be misinterpreted as a star. Both the angle method and the spherical triangle method will be tested to see how such a "false" star affects the ability of each algorithm to reach a solution.
A. STAR TRACKER RANDOM ATTITUDE
Each time the star pattern recognition algorithm is tested, the simulated star tracker must be set in a random attitude and the stars within the FOV determined. The locations of the stars then have to be mapped to the star tracker body frame to demonstrate that the properties of the triangles cataloged are not dependent on the attitude in which the triangles properties have been calculated. Given the body axis in terms of the tracker coordinate frame, the location of the stars in the ECI coordinate frame can be converted to the frame of the star tracker using Eq. (2) with a random attitude. 18 The coordinates of the stars are so far still true, which would not be reported by a real star tracker. A measurement error with a standard deviation of 87 microradians is added to the true body vectors. This is done by adding a Gaussian random vector to the true vector, then making the resultant a unit vector. This results in a distribution that is not perfectly Gaussian, however, this approach is valid to within first-order and can be used for simulation purposes. If a false star is added to the FOV, then another random frame is created such that the 1-axis is collinear with the boresight of the tracker. Either of the two remaining axes is perpendicular to the boresight, and so a vector is created along one of the axes with a random length up to half the FOV of the tracker. The false stars' direction in ECI coordinates is then the boresight vector plus the random vector unitized. The vector is then converted to the frame of the star tracker and noise added as if it were another star. This false star is then added to the list of stars seen in the FOV of the star tracker and used in either the angle or spherical triangle method for solution.
V. TESTING CONDITIONS
The CPU times stated are based on the hardware and software used, shown in Table 1 . All graphics output from the routines are turned off and care is taken to ensure there are no other significant processes running in the background during testing. Each method is reduced to a single subroutine called from the random attitude testing routine. The time is measured from the line of code directly before calling the routine to the time it returns from it. The MATLAB R variable "CPUTIME" is used. Both the angle and spherical triangle method star pattern recognition algorithms are run with only one limit: if the number of possible solutions to any particular angle or triangle exceeds 10,000, then the angle or triangle is rejected. Despite the effort to make the code as fast as possible, the time required for this solution far exceeds most other solutions and does not significantly contribute to successful results. 
VI. ANGLE METHOD RESULTS
A. OVERALL SUCCESS RATE
Referring to Figure 10 it can be seen that the angle method is successful in identifying at least one angle in the FOV only 57% of the time and cannot positively identify any of the angles 42% of the time, even when allowed virtually unlimited pivots. Less than one percent of the attitudes tested contained less than two stars within the FOV, for which the angle method could not be tested and less than one percent of the attitudes give incorrectly identified results. Since every possible triangle has been cataloged, the only way an incorrect result can occur is if the correct solution lies outside the 3σ bound placed on the angle recognition algorithm. Since the probability of the angle being within a 3σ bound is 99.7%, the errors encountered are not unexpected.
Referring to Figure 11 , it can be seen that the angle method does not work if there are less than 3 stars in the FOV. This implies that at least one pivot is required before any stars can be identified. Even with three stars in the FOV, the angle method yields a solution only a small fraction of the time. Once four stars are present in the FOV, the angle method begins to show significantly more success. If four stars are present, the angle method is successful 75% of the time and becomes more successful as more stars enter the FOV. But the rate of success drops again after 7 stars. Graphs summarizing the results are shown in Appendix A. 
B. PIVOTS REQUIRED
The number of pivots required by the angle method is shown in Figure 12 . The average number of pivots is 5.48, with a standard deviation of 4.41, including the short spike at the left side of the chart. This spike is produced since no pivoting occurs if there are less than 3 stars in the FOV. Because the angle method requires two stars before pivoting, the average number of stars required is 7.48.
It is important to note that any attitude that requires nine or more pivots would ultimately not be solved. The angle method attempts pivots from largest angle to smallest angle, since the largest angles tend to have the smallest number of possible solutions. After a certain number of pivots, the number of possible solutions for an angle becomes so great that pivoting no longer reduces the possible number of solutions. In some cases, the number of solutions can begin to rise. In addition, the angle method will not yield a correct result if it has not achieved a correct result within nine pivots. Thus, the time efficiency of the method may be improved by limiting the maximum number of pivots to nine.
C. CPU TIME REQUIRED
The CPU time required to execute the angle method is shown in Figure 13 . The average time required is 7.67 seconds, with a standard deviation of 3.60 seconds. As with the pivot chart, this chart shows a short spike at the left side, resulting from requiring at least 3 stars in the FOV before a pivot can be made. Since no pivots can be made in those situations, little CPU time is required. Another spike exists at the right side of the chart. All the attitudes requiring more than 20 seconds are grouped together to make the chart more compact.
Since a significant amount of time is spent by the angle recognition algorithm determining the order for pivoting, the time results can be improved by limiting the number of pivots which the algorithm can take. It has been shown in the last section that if an attitude requires more than nine pivots, then a solution cannot be found, so the algorithm has been tested limiting the number of pivots to nine. Graphs summarizing the results are shown in Appendix B. The overall success rate remains 55%, but the average time required per attitude dropped to 6.89 seconds, a 10% improvement. The standard deviation also drops to 2.37 seconds. Since the number of pivots is limited, the average number of pivots required drops to 4.86, and therefore the number of average number of stars required drops to 6.86.
D. FALSE STAR INCLUSION
If a false star is added to the FOV, the angle method has a much more difficult time reaching a solution, as shown in Figure 14 . The overall success rate drops to 25% and 17% of the results are incorrect. If the pivot order happens to include the false star, the angle method cannot reach the correct result and will either approach the wrong solution or no solution at all. Graphs summarizing the results are shown in Appendix C.
VII. SPHERICAL TRIANGLE METHOD RESULTS
A. OVERALL SUCCESS RATE
The overall results for the spherical triangle method are shown in Figure 15 . This method is able to obtain a successful result 92% of the time, but is not able to positively identify any spherical triangles 7% of the time. Less than one percent of the attitudes contained less than 3 stars in the FOV and had little impact overall. In addition, less than one percent of the attitudes are incorrectly identified, which is to be expected due to the 3σ bound placed on the spherical triangle search.
The overall result as a function of the number of stars present in the FOV is shown in Figure 16 . This method cannot be used when there are less than three stars in the FOV and is never able to determine any of the triangles in the FOV with less than four stars, meaning that at least one pivot is always required. Once there are four stars in the FOV, the spherical triangle method is capable of recognizing at least one of the triangles 73% of the time. If there are at least four stars in the FOV, the spherical triangle method will arrive at the correct solution 92% of the time; if there are five or more stars in the FOV, the correct solution 
B. PIVOTS REQUIRED
The number of pivots required by the spherical triangle method is shown in Figure 17 . The mean number of pivots required is 1.73 and more than 2 pivots are rarely required. Since the spherical triangle method requires three stars before a pivot can occur, the average number of stars required by this method is 4.73. Since only a small number of attitudes require more than 4 pivots, the time efficiency of the method might be improved by limiting the number of pivots required to 3. The downside to this is that some of the attitudes requiring a great number of pivots are successfully identified, and as a result, the overall success of them for this method may drop slightly.
C. CPU TIME REQUIRED
The CPU time required for the spherical triangle method is shown in Figure 18 . It should be noted that solutions that take 20 seconds or more are grouped together into the 20 second slot. Some of the attitudes take as long a 400 seconds, resulting when more than 20 stars are within the FOV. Under these conditions, a thousand or more spherical triangles exist in the FOV and have to be sorted for pivoting. The average time required is 10.43 seconds. It is interesting to note that the median is 1.97 seconds and can be seen as the peak in the chart. For half of the attitudes tested, the result (correct, inconclusive, or otherwise) is given in 1.97 seconds or less, however, the other half took substantially longer, moving the average significantly to the right of the median. A surprising result is that a large percentage of attitudes that took 20 seconds or longer still resulted in a correct result; abandoning attitudes that are "taking too long" reduces the overall rate of success and would not be a good method to improve the CPU rate.
An alternative, suggested in the previous section, that limits the number of pivots to 3 may improve the time results. This has been tested, but the resulting graphs look very much like the results without pivot limits and are not included here. Graphs summarizing the results are shown in Appendix E. The overall success rate remains 92%. The average time drops significantly to 1.65 seconds, an 84% improvement. The median moves only slightly to 1.33 seconds. Since the number of pivots is limited, the average number of pivots drops to 1.29 pivots, meaning only an average of 4.29 stars are required.
D. FALSE STAR INCLUSION
If a false star is added to the FOV, the spherical triangle method, like the angle method, has a much more difficult time reaching a solution, as shown in Figure 19 . The overall success rate drops to 52% and 10% 
VIII. SUMMARY OF RESULTS
A summary of the results between the angle method and spherical triangle method is shown in Table 2 . The angle method is limited to 9 pivots and the spherical triangle method is limited to 3 pivots. Being able to match the stars in the celestial sphere to those seen the star tracker's FOV using more than one property can result in a very fast recognition algorithm with a high rate of success. For a star tracker with an 8 deg FOV, sensitive to magnitude 6.0 stars, the spherical triangle method is almost twice as likely to be successful in identifying stars than the angle method. With appropriate pivot limits placed on both methods to minimize the response times without significantly sacrificing the rate of successful results, the spherical triangle method achieves a solution 4 times faster than the angle method. Just as important, the spherical triangle method achieves greater success using fewer stars than the angle method. The spherical triangle method, on average, examines only 4.29 stars versus the angle method's 6.86, which is a 37% improvement. It should be noted, however, that while the spherical triangle method is far more successful than the angle method at identifying stars, it will only work when there are more than three stars in the FOV. The angle method only requires 3 stars before it starts to work, but even then, the angle method can only identify stars a small percentage of the time. For a star tracker sensitive to magnitude 6.0 stars and using an 8 degree FOV, attitudes with less than four stars in the FOV rarely happen, so this is not a significant issue. Both methods have similar amounts of incorrect results when a false star is added to the star tracker's FOV, due to the 3σ bound on the angle and spherical triangle searches. With such bounds, it is expected that 0.3% of the stars will be determined incorrectly, since, in those situations the correct solution lies outside the bounds of the search. If a false star is added to the star tracker's FOV, success rates from both methods suffer, but the spherical triangle method suffers less. It is able to correctly determine the stars in the FOV twice as often as the angle method and incorrectly identifies the stars in the FOV 60% as often. This is due to the fact the fewer stars are required to determine the stars in the FOV and so the spherical triangle method is less likely to start with or pivot to the false star. It is interesting to note that the spherical triangle method has almost the same overall success with a false star in the FOV as the angle method does without it.
The spherical triangle method is computationally intensive, but can find a result with only a few pivots a very large percentage of the time. Determining the order for pivoting requires a large portion of the CPU time, particularly for the spherical triangle method because combinations of three stars have to examined as opposed to combinations of two stars required by the angle method. Since the number of pivots for the spherical triangle method can be limited to three without significantly affecting the results, the average CPU time required dramatically drops. The angle method can only be limited to 9 pivots before impacting the results and so cannot benefit as much. The price for speed is certainly storage. Requiring 167 MB, the spherical triangle catalog, including the k-vector array, is more than ten times larger than that required for the angle method. Methods for data storage aboard spacecraft are constantly improving and perhaps in the not-too-distant future (if not already), this size database will not be a significant issue.
IX. CONCLUSIONS
A new approach for star pattern recognition has been developed using spherical triangles that incorporates area and polar moments to effectively identify stars. The approach presented here tackles the worst-case scenario for a star tracker: no a priori attitude information and no other sensor information to assist the identification process. Simulation results indicated that the spherical triangle method is almost twice as likely to be successful in identifying stars and achieves greater success using fewer stars than the angle method. Furthermore, the spherical triangle method is less sensitive to false star problems than the angle method. Figure 20 shows the results of the angle method without a pivot limit. Figure 22 shows the results of the angle method (9-pivot limit) with a false star added to the FOV. Note that the number of stars indicated in the FOV includes the false star. 
Appendix A Angle Method Without Pivot Limits
